We introduce the concept of the locally unextendible non-maximally entangled basis (LUNMEB) 
INTRODUCTION
It is the Einstein, Podolsky, and Rosen (EPR) paper where for the first time entangled states [1] were used to explore the mysterious nature of the formalism of quantum mechanics. In the course of time, it has been recognized by the scientific community that the difference between factorisable and entangled (non-factorisable) quantum states is pivotal in understanding the deepest nature of reality. In 1964, Bell was the first person to show that this entanglement implies lack of local realism in quantum mechanics [2] . It was quite surprising when it was found that there are sets of product states which nevertheless display a form of nonlocality [3, 4] . It was shown that there are sets of orthogonal product vectors S (say) of a tensor product Hilbert space H n H m (n, m > 2) such that even in the complementary set there are product states which are orthogonal to every state in the set S. However, we will never be able to find enough states so as to complete the set to form a full basis of the Hilbert space H n H m (n, m > 2). Such a basis is called an Uncompletable Product Basis (UCPB) [3] . It is called Unextendible Product Basis (UPB) if it is not possible to find at least one product vector in the complement of the set S which is orthogonal to all the members of the set S [4] [5] [6] [7] [8] [9] [10] . The notion of unextendibility gives rise to two important quantum phenomena. (i) The mixed state which lies on the subspace complementary to the subspace spanned by UPB is a bound entangled state [5, 6] . It is bound in the sense that no free entanglement can be distilled from it. In reference [4] , a systematic way of constructing bound entangled states had been provided for the first time.
(ii) The states comprising a UPB are locally immeasurable [11] , i.e. an unknown member of the set cannot be reliably distinguished from the others by applying local measurements and by communicating classically. Recently, the notion of unextendible maximally entangled basis (UMEB) in a restricted situation H d H d has been introduced. The basis set consists of fewer than d 2 vectors and has no additional maximally entangled vectors orthogonal to all of them. It was shown that UMEBs do not exist for d = 2 and there exists a 6-member and 12-member UMEB for three and four dimensional cases [12] . In this paper, we introduce the notion of locally unextendible non-maximally entangled basis (LUNMEB) vectors out of which we can build up d classes. Each class has d non-maximally entangled vectors, in such a way that they are mutually orthogonal to each other. We show that there does not exist any local unitary transformation that will create a non-maximally entangled vector orthogonal to each of these d orthogonal states. So, these d orthogonal vectors will form a basis which is unextendible in the sense that they can not be extended locally. Let us first of all give the formal definition of locally unextendible non-maximally entangled basis (LUNMEB).
(iii) For all a and b, there exists local unitary transformation U ba such that (U ba I)|ψ a = |ψ b . (iv) If ψ a |ψ = 0, ∀a = 1, 2, .., n, then there exists no unitary transformation U , such that (U I)|ψ a = |ψ , ∀a = 1, 2, .., n.
One can in principle construct an unextendible nonmaximally entangled basis differently and it can have more than d orthogonal vectors. The importance of considering the restricted class of locally unextendible non-maximally entangled basis lies in the context of super dense coding. In super dense coding, we create the orthogonal vectors by applying local unitaries. In this context, it is interesting to study those vectors which are local unitary equivalent. One can then answer the question: given an non-maximally entangled resource, what is the amount of classical information one can communicate. We will see that this locally unextendible nonmaximally entangled basis (LUNMEB) is going to play an important role in determining the number of bits that one can communicate through a super dense coding protocol.
The organization of the paper is as follows. In section 2 and 3, we construct locally unextendible non-maximally entangled basis (LUNMEB) for H H 2 , explicitly written in the Schmidt decomposition form as
We show that this state gives rise to an unextendible nonmaximally entangled basis of dimension two under local unitary operations. Let us consider a set of local unitary operators, in d dimension, which itself forms a basis
where n, m = 0 to d − 1. In the case for d = 2, this set of unitary operators can be rewritten as
Let us apply this set of linearly independent unitary operators {U 00 , U 01 , U 10 , U 11 } on the state |φ 2 locally on one of its qubit. Then we have
In this set {|φ 00 , |φ 01 , |φ 10 , |φ 11 } the states with different m values are orthogonal to one another. But the states with same m values need not be orthogonal. In any set of three states, at least two states will have the same m value. So all of these three states are not going to be mutually orthogonal. So the pairs for n = 0, n = 1 are given by {|φ 00 , |φ 01 }, {|φ 10 , |φ 11 }.
Here we note that by taking a vector from each of the above classes one can also form orthogonal pairs like {|φ 00 , |φ 11 }, {|φ 10 , |φ 01 }. Even then one can not extend the dimension of the basis formed by these pairs. We see that one can have orthogonal basis {|φ nm , |φ n ′ m ′ } for both n = n ′ , n = n ′ . It is clearly evident that the orthogonality condition is independent of the value of n. The only requirement is to be a member of the pair must have different m values (m = m ′ ). Now, for a given pair, there is no vector in the remaining set, which is orthogonal to the pair. As an illustration, if we try to include |φ 10 in the first pair {|φ 00 , |φ 01 }, it will be orthogonal to |φ 01 which has different m value. However, it is not going to be orthogonal to |φ 00 with the same m value. This argument runs for every pair. This does not depend on the values of the index n. Thus, we see that the index m actually discriminates the orthogonal vectors. More formally, we show that indeed there exists no unitary transformation which will increase the cardinality of the set of the orthogonal vectors or in other words can extend the dimension of the basis. This shows that the basis is unextendible as far as the local unitaries are concerned. To see this, let us consider the general unitary transformation
Here f pq are complex coefficients and p, q vary from 0 to d−1.
In the above expression U pq 's are unitary so is V . This in particular implies
The action of the general unitary transformation on |φ 2 is given by,
At this point, we would like to see whether the state |Φ is orthogonal to {|φ 00 , |φ 11 } or not. Without any loss of generality, we have taken n = n ′ and in particular n = n ′ = 0. The argument also runs if n = n ′ = 1 and also for n = n ′ . If these states are orthogonal, then we will be able to find an additional state which is orthogonal to each of these two states. So in order to check that we consider the inner products
For it to be zero for all m, we need φ 00 |Φ = 0 and φ 01 |Φ = 0. This implies that
For this to be true we must have
This implies that all f pq = 0 and hence V = 0. This clearly indicates that there does not exist a unitary transformation, that can increase the cardinality of the set of orthogonal states {|φ 00 , |φ 01 }. Thus, we cannot extend the dimension of the basis formed by this set.
LOCALLY UNEXTENDIBLE NON-MAXIMALLY ENTANGLED BASIS IN H
Let us take a non-maximally entangled state |φ 3 in H 3 H 3 given by
The set of local unitary operators {U 00 , U 01 , U 02 , U 10 , U 11 , U 12 , U 20 , U 21 , U 22 } to be applied on |φ 3 are given in equation (2) . Quite similar to the qubit case, on applying these local unitaries on |φ 3 , we will get the set of nine vectors {|φ nm , n, m = 0, 1, 2}. Out of this set of nine vectors if we take any three of them independent of n, having different m values, we will find them to be mutually orthogonal. However, if we try to include more than three vectors in this subset, the mutual orthogonal property is no longer obeyed. Thus, none of the vectors in the complementary subspace spanned by these three vectors are orthogonal to all of these three vectors. Mathematically, we can see this just like the qubit case. We use the same general unitary transformation as defined in equation (5) . The action of this general unitary operator on |φ 3 is given by
Next, we check whether the vector |Ψ is orthogonal to all the three vectors |φ 0m or not. Here also without any loss of generality we have considered the case, when n values of the members of the set are equal. In particular, here we have taken n = 0. One can also take n = 1, 2. The argument holds true even when the n values are no longer equal. On equating these inner products to zero, and on further simplification, the condition for having a vector orthogonal to all these three vectors boils down to the condition of having a non trivial solution to the following three simultaneous equations f 00 + f 10 + f 20 = 0, f 00 − f 10 + f 20 = 0,
Since the determinant value of the coefficient matrix of the above set of simultaneous equation is not equal to zero, so the only possible solution to these equations is the trivial solution. In this section, we construct locally unextendible nonmaximally entangled basis (LUNMEB) for a d d dimensional system. In order to do that, we start with a nonmaximally entangled state and then apply local unitaries to it. We consider two types of non-maximally entangled states. In the first subsection, we consider a genuinely non-maximally entangled state. In the second subsection, we consider nonmaximally entangled state which is however maximally entangled in its subspace. In the first case we construct a LUN-MEB of dimension d, while in the second case the basis is of
2 . 
Non-Maximally Entangled states in H
where N nm is the normalization constant and is equal to should satisfy the following condition,
where the indices n, p, m and k take integer values between 0 and d − 1. For a system of two qudits, these vectors {|φ nm } naturally fall into d classes. Each class is labeled by n. Within each class, there are d states, which are labeled by m. We now prove the central result of this paper. Theorem: For a given non-maximally entangled state, we can construct at most d mutually orthogonal states by applying local unitary transformations. This set of states is being labeled as locally unextendible non-maximally entangled basis (LUNMEB).
Proof: To prove this, we start with any one of the basis vector from the set {|φ nm } and apply a specific set of linearly independent unitary operators to see that for a fixed value of n there are only d vectors which are orthogonal to each other. However, the question remains whether there exists any unitary transformation which will extend the dimension of this basis from d to d + 1. We find the answer to this question is no. Let us consider a vector (qudit) from this set of vectors {|φ nm }, written explicitly in the Schmidt decomposition form as
Here we consider a specific set of linearly independent unitary operators U nm which itself form a basis. This set of unitary operators are
|k ⊕ m k|. The action of these unitary operators on a specific state |p is given by
|p ⊕ m .
Next we apply two different general unitary transformations
′ on |φ to see how many of these states could be orthogonal. After applying the unitary transformations the resultant states are given by
Here we would like to find out the range of n, m, n ′ , m ′ , for which the states |ψ nm and |ψ n ′ m ′ are orthogonal to each other. Now, taking the inner product between these two vectors we obtain
This implies that we have
The condition obtained in equation (19) can be satisfied only when m = m ′ . So the set of orthogonal states will have different m values. The orthogonality condition is independent of n and will hold for both n = n ′ and n = n ′ . So, without any loss of generality, we built up the classes for fixing the values of n. Since n runs from 0 to d − 1, we can have d classes and for each class we will have d orthogonal vectors as m varies from 0 to d − 1. For a given n, this set is given by {|ψ n0 , |ψ n1 , ....., |ψ n(d−1) }. So this set of basis vectors clearly satisfies the first three conditions of the definition of LUNMEB. Next we wish to show that if we apply most general unitary transformations on any of the basis state we cannot get an additional orthogonal state. Let us consider the most general unitary transformation V already defined in equation (5) . Without any loss of generality, let us choose |ψ 00 from the set {|ψ 00 , ....., |ψ 0(d−1) } and apply the most general unitary transformation. The resultant state after this transformation is given by
At this point we would like to see whether the state |Φ is orthogonal to |ψ 0m or not. If it is, then we will be able to find an additional state which is orthogonal to each of these d states. So in order to check that we consider the inner products
Next we would like to see whether the above expression can be zero for all m, i.e p f pm k |C k | 2 e 2iπkp d = 0, ∀m. This implies that we have
Since |C k | 2 = 0, this can only be zero, if we have the following set of equations
One solution for this above set of equations is the trivial solution, i.e, f pm = 0, ∀m. This implies that V = 0. This shows that we cannot construct additional orthogonal vector. The question still remains whether there exists a non trivial solution for this set of equations or not. We note that these conditions are independent of m. So if there is a non trivial solution for one m, then it will be true for all m. 
|kk .
Here we see that there exists a set of unitary operators which when acted on this particular state locally gives rise to a set of (d − 1) 2 set of orthogonal basis vectors. We call this set of these basis vectors locally unextendible in the sense that there exists no vectors in the complementary subspace which will be orthogonal to all of these vectors. The set of unitary operators which are going to serve our purpose is given by
Quite similar to the previous subsection, here also we apply two general unitary transformations U 
This expression is true for all values of n and n ′ . Not only that it is also independent of m. 
where p k are the Schmidt coefficients and the index l takes values from 0, 1, ...(d − 1). Also p k = C 2 k . Our goal is not necessarily to construct optimal set of POVM operators, but just a set of operators for unambiguous discrimination of these states. One technique to construct a set of such operators is to find a orthogonal vector corresponding to each vector in such a way that it is not orthogonal to the remaining d − 1 vectors. One such construction is where A is a constant and P E is the operator corresponding to the inconclusive outcome. We choose the constant A such that the operator P E is positive. Without any loss of generality, we assume the ordering of the Schmidt's coefficients to be p d−1 > p d−2 > ..... > p 0 . Then we can choose A as p0 d(d−1)|N | 2 to make P E positive. Therefore the the probability of failure for not discriminating the states is given by, P error = ψ 0 |P E |ψ 0 = p 1 + p 2 + ... + This result has application for superdense coding protocol. It shows that any entangled state can be used for superdense coding. By explicitly constructing a set of POVM operators, we find that Alice can send at least (1 + p 0 d d−1 ) log d (where p 0 is the smallest Schmidt's coefficient) bits of information to Bob. In the case of a maximally entangled state in the subspace, Alice can send at most 2 log(d − 1) bits of information. We also find that for d = 3 we can send more classical bits with a fully non-maximally entangled state than with the state maximally entangled in the subspace. This happens when the smallest Schmidt coefficient p 0 lies between 0.175 and 0.333.
